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ABSTRACT
A geometric criterion of P-convexity for supports is provided for sets whose
boundary does not contain intervals of straight lines.

1. Introduction

Let Q CR" be an open bounded set and P: 2'(2)— 2'(Q2) be a linear
differential operator with constant coefficients. The set Q is called P-convex
(with respect to supports) if for every set K; compact in £ there exists a set K|
compact in , such that for every u € 8(Q2), supp P(— D)u C K, implies
supp 4 C K,. Notation &(€2) is used here for the space of distributions with
compact support.

A survey on P-convexity can be found in [2], Chapter X. We know only a few
cases when a geometric criterion for P-convexity is established. They include:
(1) n=2,(2) P=(a, D) or Pis elliptic, (3) P is the wave operator, (4) n = 3,
dQ C C? and P has simple characteristics (see [2], [3], [4]).

This paper provides a criterion for P-convexity when P is an operator of real
principal type and 02 does not contain intervals of straight lines. There are no
smoothness conditions for 9Q2.

In Section 2 of this paper we state the main theorem and prove the necessity.
The proof of necessity is rather standard and is based on [1], [2]. In Section 3
we prove sufficiency. In Section 4 we give an example of a P-convex set and
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discuss the relation between P-convexity and uniqueness in the Cauchy
problem.

2. Main result. Necessity

Let p(&) be the principal symbol of P. We suppose that pis real and p(&) =0
implies p’(&) # 0 when & # 0.

THEOREM 1. Assume that Q C R" is an open set and
(1) for every x,y €0Q there is a, 0 < a << 1, such that ax + (1 — a) y €9Q.

An open bounded set Q satisfying (1) is P-convex if and only if:
There is no closed convex set F and an open convex set W, such that

(a) FCQ,
(2) (b) OF N W is an analytic hypersurface with normals lying in p~'(0),
(c) OF N 0Q is non-empty and compact in W.

In order to prove necessity we wish first to examine convex characteristic
surfaces.

LEMMA 1. Let K, C K C R" be open convex sets and let 6, be a supporting
Sfunction of K,. Assume that

(3) K= {xER": (x, ) <0ay(&), (€ p~(0\O}.

Ifu=0inK, and Pu=0in K, then

@Du=0inK;NK.

Lemma 1 is an elementary reformulation of Theorem 8.6.8 (implication
()= (@), [2].

In what follows we will denote an open ball of radius p > 0 centered at z by
B(z, p), and consider the following open convex set:

(5) Bp(z,p) = {(xER": (x,{)<(z,O) +p &1, EEPTH(0)\0).

LEMMA 2. Let x; be a characteristic point of 0B(z, p), i.e., p(x —z) =0.
There is a neighbourhood W of x, such that dBp(z,p) N W is an analytic
hypersurface containing x,. Moreover, if v(x) is a normal to a plane supporting
By(z, p) at x E3By(z,p) N W, then

(6) the face of Bp(z, p) containing x is an interval of the bicharacteristic line
t—x + tp’(v(x)),
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(M) v(x)Ep~Y0).

We did not find a proof for Lemma 2 in literature, although it is elementary.
We provide a proof here to keep the paper self-contained.

Proor. 1. Consider the following set:

@) To={x+1w'(x—2):t| <e, |x—X| <e&, xEIB(x,p), p(x —z)=0},
e>0.

Since P is of real principal type, by the implicit function theorem equations
) Ix—zP=p,px—2)=0

define near x = x, an analytic manifold y of codimension 2. The normals to
this manifold, by (9), lie in the span of x — z and p’(x — z). Therefore the map

(10) (x,t)—>x+tp'(x —2z),xEy, tER

is a smooth flow for a neighbourhood of x, when ¢ is small and its image is an
analytic hypersurface. Therefore, there exist ¢ > 0, such that I, is an analytic
manifold of codimension 1 containing x;.

2. Let us prove that there is a neighbourhood W of x;, such that
(1) I', =0Bp(x,p)in W.
First observe that for € p~!(0), |£| =1, xEyand |¢| small
(12) (x — z + tp’(x — z), &) = p with an equality only at x — z = p&.
Indeed, x = z + p& is a point of a local maximum for any fixed &, 1| <e:
dx—z+1tp'(x—2),E)=0 onT, .y, [t]<e,
and
AGA(x —z+1tp'(x —2), ) <Idi(x —z,&) = ——%01<0
on T,,,»\0, for |#]| small

Therefore (12) is correct if |x — z — p& | < for some & > 0.
If |[x —z—p&| =4, then

(x—z,8)+t(p(x—2),)=p—82p+0(|t])<p

for |¢| small, and (12) follows.
By (12)
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(13) I, COBx(z, p).
It remains to show now that in a neighbourhood of x,,
(14) 0Bp(z,p)\I', = .

Suppose (14) is wrong and y €dBp(z, p)\I,, |y — x;| is small. Since I, is
smooth, thereis A =0, xEyand ¢, |f| <g, such that

(15) y=x+1tp'(x —2) + A(x — 2).
Repeating the argument used for (12), one has
(16) ¢:r|r€1|a31, (y—z,8=p+4, 2#0
p(E=0
and thus y €94B,(z, p), which contradicts (14). Thus (11) is proved.

3. Let x + dBp(x, p) N W. Since (10) is a smooth flow, there is x,Eyand ¢,
{t| <eg, such that

X =x +tp'(x; —z).

Since x, €y, the vector x, — z is characteristic. Therefore x; — z is orthogonal
to p’(x, — z) by the Euler homogeneity theorem, and thus x, — z is the normal
to I', at x,. Since By(z, p) is convex and the plane (x; — z)* attached at x,
contains {x + 1p’(x, — z)},er > the vector x;, — z is also the normal at x. Thus,
since the normals x, — z are different for different x, €y, the face of Bp(z, p)
supported by x, — zis an interval of x + tp’(x, — z). The relation (6) is proved.
The relation (7) follows, since v(x) = x; — z, x; €Ey. Lemma 2 is proved.

PROOF OF NECESSITY IN THEOREM 1.

1. Assume that (2) holds, and let - be the supporting function of F. Let
X E0F N W N IQ. By (2)(b), F N W is smooth and therefore one can find a
ball B(z, p) C F n W such that

(17) 0B(z, p) N AF = {x,}.
Let us show that
(18) Be(z,p)N W CFNW.

Let Z C p~'(0)\ 0 be the closure of the conic set of all exterior normals to dF
in W. Note that, since W is convex,
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(19) FNn W=Fn W, where F = {xER": (x, &) = g(&), EEL}.
Since B(z,p) CF C Fand T C p~'(0)\0,
z, O +plll =0:(8), (EPTI0)\O.

Therefore, by (5), Bp(z, p) C F and (18) follows from (19). By (17), 8B,(z, p) N
dF is a face with a common normal v(x,) = x, — z. Thus, by (6),

0B5(z, p) N OF C {xo+ tp’(v(x0)) }ier>
and by (2)(a),
(20) 8By(z, p) N IQ C {xo + tp’(V(x0))}ser -

By (1), for every 6 > 0 there is an open set W; C W, such that diam W <6
and

21) {x;+ tp’(v(xp))}ser N 0 is compact in W;.
Then (20) and (21) imply that for every § > 0,
(22) 9By(z, p) N 0Q is compact in W,
By (2)(a), (18) implies
(23) Bz, p) N W CQ, WD W;,
and by Lemma 2 with ¢ sufficiently small,
(24) dB(Z, P) N Wjis an analytic characteristic hypersurface.

2. Let us quote the following non-uniqueness result (immediate from
Theorem 5.2.1, [1]).

LEMMA 3. Let P be an operator of the real principal type with constant
coefficients. Let I" C R" be an analytic characteristic hypersurface defined in an
open set W, and x, €Y. Then there is a neighbourhood W, of x, and a function
uE P (W,), such that T divides W, into two domains, W, and W_,
P(—D)u=0in W and x,Esuppu C W_.

Let us apply Lemma 3 to I" = dB,(z, p) in W;. The conditions of Lemma 3
are satisfied by (24). Consequently, by Lemma 3 and (23) there is an open set
W 3x,, and a distribution u, such that

(25) P(— D)u =0 in W,
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and
(26) x,Esuppu C m nw,cqQ.
Moreover, by (22) one can restrict W, so that
(27) e=dist(supp u N W, R"\Q) > 0.
Clearly, there exists 4 > 0 such that for a neighbourhood W, C W, of x,
(28) dist(suppu N W, R"\Q) = 4.
Let y € C#(W,) be equal to | in W, and consider a family of functions
u, = (u)x — t(z — xp)), t>0.

Since supp u C Bp(z,p) N W, Cﬁ, and z —Xx, is an inner normal to
dB(z, p), for t > 0 sufficiently small, ¥, € §’(Q2),

(29) dist(supp 4, R*"\Q)—0ast—0
and from (28)
(30) dist(supp P(— D)u,,R"\Q)= /2.

By (29), (30) Q is not P-convex and the proof of necessity is completed.

3. Saufficiency in Theorem 1

Assume that § is not P-convex. By Theorem 10.6.3, [2], there is u € §(Q2)
such that

(31) ry=dist(supp P(— D)u, R*"\ Q) > r =dist(supp u, R"\ Q).

Let K C R"be a compact convex set with a supporting function g > 0 and let
(32) F,={x€R": JyEsuppu, x —yEK}.

One may write (32) also as

(33) X EFD’ And miny€supp u maXCER"\O ((-x -, é)/a(é)) <l

Let
(34) (&) =r|&].
Note that by (31)

(35) F,,CQ,0F, NdQ + .
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LEMMA 4. Let x,€9Q N F,. Then for every x €B(xy, 1, — r)

(36) dist(x, supp ) = inf, eguppu 0BG SUPze,'opo (X — ¥, EV/IE]).

PROOF. For x EB(xy, r; —r),

. . (x—y,8)
p=dist(x,suppu)= min max —— L -
yEsuppu EER™NO [€]

Assume that the value p is attained at some y,&Esupp . Then
1Xo = Yol = X = Xo| + X =yl <ny,

and therefore

(37) P = inf) cquppun Beeory MAXeernol(X — ¥, /1€ ).

By Lemma 1, u = 0 in Bx(x, p) N B(xy, 1), 1.€., if

(38) maxge,-yono ((x — ¥, &)V |¢[)<pand y €B(xy, 1),
then y €supp u. Let

(39) p" = inf, cquppu n Bron) MAKee,1ono (X — ¥, EVIED).
By (37), (39),

(40) p" =p.

If p’ = p, the lemma is proved. Assume that

(41 p' <p.

Then there exists y,Esupp u N B(xy, r;) such that (38) holds and therefore
Yo supp u. Thus by contradiction (41) is not valid, and the proof is com-
pieted.

LEMMA 5. Let x,€0F, N3Q, o(&)=r|¢| and r<r,<r,. For every
convex homogeneous function g such that

(42) 0(&) = 0(&) for € p~Y(0), (&) = 0(&) = nl&l, o(~ &) =a()
the relation

(43) F,, N B(xg, 1y — 1)) =F, N\ B(xg, r, — 1y).
holds.
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ProoF. If xEF, N B(xy, r; —r,), then by (33), (42),

. (x - ) é) <1
min max =
yEsuppu EER™ND O'(é)

Let the minimum be attained at y,Esupp u. Then since g(&) = r,|&| by (42),

(x =¥, ¢)

[ Xo— Vel E|1X =y +|x—X| <r, max —————4+r, —r,<r
erno  g(&)

and y,€ B(x,, r}). By (42),

. X — . X —
. C-pO_ L =30
yEsupp u N B(xo,r) EEp~'(ONO a’o(é) yEsupp u N B(xo,r1) EEp~ OO o'(é)

(44) . (x =2, _
= inf max =1
yesuppun By ce®no (&)

and by Lemma 4, x€F, N B(xy, r, — ;). Conversely, since agy(£) = a(&),
F,, C F, and the lemma is proved.

We can now complete the proof of Theorem 1.

1. Let us take x,€0F, N 3Q. By the definition of F, (see (32), (34)) there
exists y, Esupp u such that

(45) |xXo—yol =r.

Consider the compact convex set

(46) K = Bp(yo, 1) N B(xg, rp) for r <r,<r,

and let o be the supporting function of XK. Clearly, o satisfies (42) and therefore,
by Lemma 5, K N B(x,, r, — r) C F,, and by (35)

(47) KN B(xe, 1, — 1) N Q.

2. By (31), (45), y,Esupp u \ supp P(— D)u. Since B(x,, r) Nsupp u = &
and y,E€3dB(x,, r), the Holmgren uniqueness theorem implies that the normal
to dB(xy, ) at y, is characteristic, i.e.,

(48) xo = »E€p~'(0).

Therefore, by (5), x,€3K. Moreover, since x,E3B(y,, r), X, — J, is also the



Vol. 64, 1988 P-CONVEXITY 203
exterior normal to dB(),, r) at x,. By Lemma 2, the face of K with the common
exterior normal x, — y, is an interval on ¢t — x, + tp’(xy — ¥o).

3. Note that since x, — y, is an exterior normal to dB(y,, r) at X,

(49) B(yo+ (1 — ro/r¥xo — ¥o), 1)) € B(yp, 1) for 0 <ry <r

and the only common point of the boundaries of these two sets is x, where the
common exterior normal is x; — ;.
Therefore, by (5),

(50) Bp(yo + (1 — ro/rX(xo — ¥o), ro) C Be(yo, 1),
and, due to Lemma 2,

(51) X% €0Bp(yo + (1 — ro/r)(xo — Yo), 1o)
N 3Bp(yo, 1) C {Xo + tp"(xo — ¥o), t ER}.

4. Consider the set

(52) F = Bp(yo+ (1 = ro/r)(xo = ¥o), ro) N B(xg, r, — 1)
By (50), (46)
(53) FCK

and by (47), (53), F satisfies (2)(a). By Lemma 2 and (52) there is an open
convex set Wy3x,, W,C B(xy, r,—r,), such that dF N W, is an analytic
hypersurface with normals in p~'(0). Thus, F satisfies (2)(b) for any convex
W C W,

By (50), (51)

XoEIF N K C {xo+ tp’(xg — ¥o), t ER}.
Therefore by (47)
(54) x,€0F N A C {xo+ tp’(xo— yo), t ER}.
Then by (1) there is an open convex set W C W, such that
(55) F N 9Q is compact in W,
By (54),
(56) OFN Q=g
and by (53), (56), F satisfies (2)(c).
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Theorem 1 is proved.

4. P-convexity and uniqueness theorems. Example of a P-convex set

1. Assume for the sake of simplicity that Q is bounded and 4 is analytic
and satisfies a certain geometric condition (A). We will say that (A) is a local
uniqueness condition at x, €9Q for the operator P if from (A) it follows that for
every neighbourhood V of x; there exists a neighbourhood W of x; such that
ueEP’'R"), Pu=0in Vandu =0in ViIQ imply u = 0 in W. For example, if
&(x,) is the normal to 9L at x,, then

(57) p(l(x)) =0

is a local uniqueness condition at x; (by the Holmgren uniqueness theorem).
Other uniqueness conditions are also known:

(58) there exists a sequence £; — 0 such that x, + ¢; p’(é(x))eﬁ
and
(59) the twisted surface condition; see Definition 3.1, [5].

For more details see Sections 1-3 in [5] and references cited therein.

If at every point of dQ either (57), or (58) or (59) holds, then by local
uniqueness and since 9 is compact, dist(supp Pu,R*\Q)=Z¢>0 and
suppuEﬁ imply that dist(supp 4, R"\Q) has a uniform positive lower
bound, and therefore Q is P(— D) convex. In the paper [3] a uniqueness
condition, similar to (59), was established to study P-convexity and it is the
weakest uniqueness condition in R3 found in the literature.

2. We wish to present an example of a P-convex set in R* when
(60) p(O) =& &G+ 8- &.
Let
(61) flx) =3+ x11%2| — xi + X3%4
and
(62) Q,={xER*:|x| <¢, fix)<0},0<e<].

We wish to show that €, is P-convex when ¢ is small. Although Q, does not
satisfy the condition (1) of Theorem 1, Theorem 1 is still applicable for the
following reason: The actual condition used in our proof is weaker than (1):
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(1") If Fis a closed convex set and W is an open convex set such that F C Q
and 9F N W is an analytic hypersurface with normals £(x)€ p~!(0), then for
every x EAF N QN W, the set {x + tp’(£(x))},er N 0L2 does not contain any
interval of {x + 1p’(&(x))}ier.

Clearly, if (1) holds, then 6Q does not contain intervals of straight lines, in
particular of those specified in (1’).

We will therefore apply Theorem 1 with (1) replacing (1) to show that Q, is
P-convex when £ is small. Some details of the proof will be left to the reader.

3. Assume that Q, is not P-convex. Then there exist sets F, W satisfying (2).
Let x€3F N dQ, N W. Then by (2a), (2b), dQ, has a characteristic interior
normal &€p~'(0). Moreover, since X + tp(§)EOF when ¢ is small, (2a)
implies X + 1p’(&)€Q, for ¢ small. Therefore X cannot lie on the spherical
portion dB, N 32, of 4€2,: either such an X would not be characteristic or the
line ¢t —x + tp’(&) would be tangent to 9B, and lie in the exterior. The
remaining part of 9Q, is smooth when x, # 0 and it is easy to compute the
value of p on the normal vector:

R
(63) (L)) | p=0=(1+x)(|x2] = 4x7) + x} — (lle_—x)z .
1+ x,

One can observe that if ¢ is small, none of xE{xER*: (x)=0, x, #0,
{x| <e} is characteristic and, necessarily, £, = 0. Consider the case X, =0,
X, < 0. At such points, 9Q, N B, has a cone of interior normals

(64) &) =(— 4%}, ax), 1 + X, X3), |a| = 1.

Computing p(&(a)) one can see that it is positive when ¢ is small. Consider the
case X, = 0, X, > 0. At these points Q, N B, has a cone of exterior normals and
therefore x & dQ, N F since OF C Q, is a smooth surface.

Thus, necessarily, X; = X, =0. Since x€f7'(0), by (61), X;=0 and x =
(0,0, 0, X,). This is a characteristic point with & = (0, 0, 1 + x,, 0) and p’(&) =
(1+ x4, 0,0, 0). Note that & # 0 since |x| <& < 1. Remarkably, this is not a
uniqueness point by condition (58), and condition (59) is formulated only for
smooth surfaces (although it is perhaps possible to apply here the technique of
[5], [6], too).

Now, since dF is a smooth characteristic surface, it contains a biocharacter-
istic line ¢ — % + tp’(&) and at every point of this line the normal to JF is
parallel to &, and, consequently, the surface
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Sy={x3=—Nx?+(xs— %))}  with N >0 sufficiently large
lies in F. Let us compute the value of fat x ESy:
(65) flx)=x1%;] — x} = N(1 + x)(x3 + (xs — %)?).
Set x,=X,, M=(1+X)N, x,=¢&, x,=(M + 1)s. Then
(66) flx)=s*— (M + 1)*s*

Since ¢ <1 and |%,| < |X| <g, the number M is positive, and for every M
(resp. N) there is a neighbourhood of s = 0 where f(x) > 0. Thus Sy \ Q, # &

and, since S C I, the set F does not satisfy (2), We conclude therefore that for
¢ sufficiently small, ), is P-convex,
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