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ABSTRACT 

A geometric criterion of P-convexity for supports is provided for sets whose 
boundary does not contain intervals of straight lines. 

1. Introduction 

Let ~ C R" be an open bounded set and P:  ~ ' ( ~ ) - - - ~ ' ( ~ )  be a linear 

differential operator with constant coefficients. The set f l  is called P-convex 
(with respect to supports) if for every set K0 compact in f l  there exists a set Kl 

compact in f~, such that for every u E 8'(f~), supp P ( -  D)u c Ko implies 

supp u C K~. Notation 8'(fl) is used here for the space of distributions with 

compact support. 
A survey on P-convexity can be found in [2], Chapter X. We know only a few 

cases when a geometric criterion for P-convexity is established. They include: 
(1) n = 2, (2) P = (a, D) or P is elliptic, (3) P is the wave operator, (4) n = 3, 

0~  C C 2 and P has simple characteristics (see [2], [3], [4]). 

This paper provides a criterion for P-convexity when P is an operator of  real 

principal type and 0~ does not contain intervals of straight lines. There are no 
smoothness conditions for df~. 

In Section 2 of this paper we state the main theorem and prove the necessity. 

The proof of necessity is rather standard and is based on [ 1 ], [2]. In Section 3 

we prove sufficiency. In Section 4 we give an example of a P-convex set and 
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discuss the relation between P-convexity and uniqueness in the Cauchy 
problem. 

2. Main result. Necessity 

Let p(~) be the principal symbol of P. We suppose that p is real and p(~) -- 0 
implies p'(~) ~ 0 when ~ ~ 0. 

THEOREM 1. Assume that [2 c R n is an open set and 

(1) for every x, y E O~ there is a, 0 < a <  1, such that ax +(1  - a) y q~ O~. 

An open bounded set f~ satisfying (1) is P-convex i f  ancl only if'. 

There is no closed convex set F and an open convex set W, such that 

(a) F c f~, 
(2) (b) OE n W is an analytic hypersurface with normals lying in p -  1(0), 

(c) OF N ~ is non-empty and compact in W. 

In order to prove necessity we wish first to examine convex characteristic 
surfaces. 

LEMMA I. Let 1(1 C K C R ~ be open convex sets and let (71 be a supporting 

function o f  K~. Assume that 

(3) /(2 = {xER"  : (x, ~) < a,(~), ~ p - ' ( 0 ) \ 0 } .  

I f  u = 0 in Kt and Pu = 0 in K, then 

(4) u = O in K: n K. 

Lemma 1 is an elementary reformulation of Theorem 8.6.8 (implication 
(ii) ~ (i)), [2]. 

In what follows we will denote an open ball of radius p > 0 centered at z by 
B(z,  p), and consider the following open convex set: 

(5) Be(z,p)  = {x~Rn : (x, ~ ) <  (z, ~) + p  I l l ,  ~p-X(0)\0}. 

LV.MMA 2. Let Xo be a characteristic point o f  OB(z, p), i.e., p (x  - z) = O. 

There is a neighbourhood W o f  Xo such that OBe(z, p) n W is an analytic 

hypersurface containing xo. Moreover, i f  v(x ) is a normal to a plane supporting 

Be(z, p) at x ~OBe(z, p) n W, then 

(6) the face o f  Be(z, p) containing x is an interval o f  the bicharacteristic fine 

t - ' x  + tp'(v(x)), 
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(7) v(x)~_p-I(O). 

We did not find a p roof  for L e m m a  2 in literature, although it is elementary.  
We provide a p roof  here to keep the paper  self-contained. 

PROOF. 1. Consider  the following set: 

(8) F~={x+tp'(x-z):ltl <e ,  Ix-x01 <e ,  x~OO(x,p), p(x-z)=O}, 
e > 0 .  

Since P is o f  real principal type, by the implicit function theorem equations 

(9) b x - z ] 2 = p 2 ,  p ( x - z ) = O  

define near x = x0 an analytic manifold 7 of  codimension 2. The normals to 

this manifold, by (9), lie in the span o f x  - z and p ' (x  - z). Therefore the map 

(10) (x ,  t ) ~ x  + t p ' ( x - z ) ,  x ~ 7 ,  t E R  

is a smooth flow for a neighbourhood of  x0 when t is small and its image is an 

analytic hypersurface. Therefore, there exist e > 0, such that F~ is an analytic 

manifold of  codimension 1 containing x0. 

2. Let us prove that there is a neighbourhood W of  x0, such that 

(11) F~ = O B p ( x , p ) i n  W. 

First observe that for C E p- t (0 ) ,  I C I = 1, x ~ 7 and I t I small 

(12) (x  - z + t p ' ( x  - z) ,  ~) < p  with an equality only at x - z =PC.  

Indeed, x = z + PC is a point  o f  a local max imum for any fixed C, I t I < e: 

d x ( x - z + t p ' ( x - z ) , C ) = O  on T~+~:7, Itl < e ,  

and 
1 

dZx(X - z + t p ' ( x  - z ) ,  ~) < ½d2(x - z ,  ~) = - - -  I < 0 
2p 

on T~+~:7\O, for Itl small. 

Therefore (12) is correct if  Ix - z - PC I < 6 for some 6 > 0. 

If  Ix - z - PC ] >-- 6, then 

(x  - z ,  ~) + t ( p ' ( x  - z ) ,  ~) <--_ p - 6212p + O ( I t  I) < P 

for I t I small, and (12) follows. 
By (12) 
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(13) F~ c OBv(Z,p). 

It remains to show now that in a neighbourhood of Xo, 

(14) O B e ( z , p ) \ F ,  = ;g.  

Suppose (14) is wrong and y E OBp(z, p) \ F~, ]y - Xo[ is small. Since F, is 

smooth, there is 2 = 0, x E 7 and t, I t [ < e, such that 

(15) y = x + tp '(x  - z)  + 2(x - z). 

Repeating the argument used for (12), one has 

(16) max ( y - z , ~ ) = p + 2 ,  2 ÷ 0  

p(~)=0 

and thus y EaBe(z ,  p), which contradicts (14). Thus (11) is proved. 

3. Let x + aBe(x,  p) n W. Since (10) is a smooth flow, there is xl E7  and t, 

It [ < e, such that 

x = xl + tp'(xl - z). 

Since xl ~ 7, the vector xl - z is characteristic. Therefore xl - z is orthogonal 

to p'(x~ - z)  by the Euler homogeneity theorem, and thus x~ - z is the normal 

to F, at x~. Since Be(z,  p) is convex and the plane ( x ~ -  z) ± attached at xl 

contains {x + tp'(x~ - z)},eR, the vector x~ - z is also the normal at x. Thus, 

since the normals x~ - z are different for different x~ ~ 7, the face of  Be(z,  p) 

supported by x~ - z is an interval o f x  + tp'(x~ - z). The relation (6) is proved. 

The relation (7) follows, since v(x)  = x~ - z, x~ E 7. Lemma 2 is proved. 

PROOF OF NECESSITY IN THEOREM 1. 

1. Assume that (2) holds, and let eF be the supporting function of  F. Let 

XoEOF n W N 0ft. By (2)(b), OF N Wis  smooth and therefore one can find a 

ball B(z ,  p) C F n W such that 

(17) OB(z ,p)  n OF = (x0}. 

Let us show that 

(18) B e ( z , p ) n  W c F  n W. 

Let Z C p -  ~(0) \ 0 be the closure of  the conic set of  all exterior normals to OF 

in W. Note that, since W is convex, 
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(19) F N W = P N W, where F = {x ~ R n : (x, ~) < av(~), ~ ~ Z}. 

Since B(z, p) c F c P and • C p - I(0) \ 0, 

( z , ~ ) + P l ~ l  _-< a~(~), ~ p - ' ( 0 ) \ 0 .  

Therefore, by (5), Be(z, p) C F a n d  (18) follows from (19). By (17), aBe(z, p) n 

aF  is a face with a common normal V(Xo) = Xo - z. Thus, by (6), 

aBe(z, p) n a F c  {x0 + tp'(V(Xo))},en, 

and by (2)(a), 

(20) aBe(z, p) n af~ c {x0 + tp'(v(xo)))teR. 

By (1), for every ~ > 0 there is an open set W~ C W, such that diam W~ < 
and 

(21) {Xo + tp'(v(xo))},~R n aft  is compact in w~. 

Then (20) and (21) imply that for every ~ > 0, 

(22) aBe(z, p) O af~ is compact in W~. 

By (2)(a), (18) implies 

(23) aBe(z, p) n w c ~,  W D w~, 

and by Lemma 2 with ~ sufficiently small, 

(24) aBe(Z, P) n Wo is an analytic characteristic hypersurface. 

2. Let us quote the following non-uniqueness result ( immediate from 
Theorem 5.2.1, [1]). 

LEMMA 3. Let P be an operator o f  the real principal type with constant 
coefficients. Let F c R ~ be an analytic characteristic hypersurface defined in an 
open set Wo and xo~ F. Then there is a neighbourhood W~ of  xo and a function 
u ~ ' ( W ~ ) ,  such that F divides W~ into two domains, W÷ and W_, 
P( - D)u = 0 in WandxoEsupp  u c W_. 

Let us apply Lemma 3 to F = aBe(z, p) in W 6. The conditions of  Lemma 3 
are satisfied by (24). Consequently, by Lemma 3 and (23) there is an open set 
Wt~Xo, and a distribution u, such that 

(25) P( - D)u = 0 in W~ 
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and 

(26) x0~supp u C Be(z ,p )  M W l c fL 

Moreover, by (22) one can restrict W~ so that 

(27) e ~ dist(supp u M 0 W1, R n \ D) > 0. 

Clearly, there exists 2 > 0 such that for a neighbourhood Wz c WI of  x0 

(28) dist(supp u A 0 W2, R" \ f~) > 2. 

Let Z E C~(W1) be equal to 1 in W 2 and consider a family of functions 

U t = ( X u ) ( x  - -  t(z  - Xo)), t > O. 

Since supp u C B e ( z , p ) M  W l c  ~,  and z - x 0  is an inner normal to 

OB(z, p), for t > 0 sufficiently small, ut E o~'(f2), 

(29) dist(supp ut, R" \ f~) ---" 0 as t ~ 0 

and from (28) 

(30) dist(supp P( - D)ut,  R" \ ~ )  > 2/2. 

By (29), (30) f~ is not P-convex and the proof of  necessity is completed. 

3. Sufficiency in Theorem 1 

Assume that f~ is not P-convex. By Theorem 10.6.3, [2], there is u E o~'(~) 

such that 

(31) rl ----- dist(supp P( - D )u, R" \ f~ ) > r ---- dist(supp u, R" \ ~). 

Let K c R" be a compact convex set with a supporting function a > 0 and let 

(32) Fo = { x E R  n: 3 y E s u p p  u, x - y ~ - K } .  

One may write (32) also as 

(33) x EFo ~ miny~supp u max¢~lt,\0 ((x - y,  ~)/a(;?,)) < 1. 

Let 

(34) tr0(~)= r i l l .  

Note that by (31) 

(35) Foo c n ,  OFoo N Of~ , (g.  
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LEMMA 4. Let xo~Of~ n F. o. Then for every xEB(xo ,  ra - r) 

(36) dist(x, supp u) = inf~.e~.pp, n SC.~,r0 supeep-,<o~\o ((X -- y, ~)/ l~ [). 

P~ooF.  For x ~B(xo,  rl - r), 

(X - - y ,  ~) 
p ~ d is t (x ,  supp u) = ra in  max 

Assume that the value p is at tained at some Yo ~ supp u. Then 

IXo-Yol < I x - X o l  + I x - y o l  <r~,  

and therefore 

(37) p = inf,,e,~pp ~ n~(xo,r,~ max¢~w\o((x - y,  ~)/1~ I). 

By Lemma 1, u = 0 in Be(x, p) n B(xo, rt), i.e., if  

(38) maxcep-,tol\o ((x - y,  ~ ) / l ~ l )  < P  and y ~B(xo, r,), 

then y ~ supp u. Let 

(39) p '  = inf~,esup, u n S(xo.r,) maxcep-,(o)\o ((x - y,  ~)/I ~ I). 

By (37), (39), 

(40) p '  < p. 

I f p '  = p, the lemma is proved. Assume that 

(41) p' <p. 

Then there exists YoEsupp u N B(xo, r~) such that (38) holds and therefore 

Yo~ supp u. Thus by contradict ion (41) is not valid, and the p roof  is com- 
pleted. 

LEMMA 5. Let XoEOF~onO~, Cro(~)-~rl~ I and r <r2<r~.  For every 

convex homogeneous function a such that 

(42) cr(~) = tro(~)for ~ p - ' ( O ) ,  ao(~) < a(~)  < r21~l, a( - ~) = a (~)  

the relation 

(43) F,o n B(xo, r~ - r2) = F, O B(xo, r~ - r2). 

holds. 
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PROOF. I f x E F ,  n B(xo, rl - r 2 ) ,  then by (33), (42), 

(x  - y ,  ~) 
min max < 1. 

yESUpp U ~ER"\0 0"(~) 

Let the minimum be attained at yoEsupp u. Then since a(~) _-__ r21~l by (42), 

]Xo--Yol < IX--yol + IX-Xol  <r2 max 
~R"\o a(~) 

(X-yo, ~) 
+ r i -  r2<r i  

and yo~B(xo, rO. By (42), 

(x  - y ,  ~) 
inf max = inf max 

yEsuppunB(xo, rO CEp-'(O)\O 0 " 0 ( ~ )  yEsuppuNBtxo, rO ~Ep-l(O)\O 

(44)  (x --  y ,  ~) 
< inf max < 1 

yEsuppuOB(xo, r,) ¢~R"\0 0"(~) 

(x  - s ,  ~) 

~ (~)  

and by Lemma 4, xEF~o N B(xo, rl - rE). Conversely, since ao(~) < a(~), 

Foo c F,  and the lemma is proved. 

We can now complete the proof of Theorem 1. 

1. Let us take Xo~OF, o n 0f~. By the definition of  F~o (see (32), (34)) there 
exists YoE supp u such that 

(45) Ix o -  Yol = r. 

Consider the compact convex set 

(46) K = Be(Yo, r) O B(xo, r2) for r < r 2 < r~ 

and let a be the supporting function of K. Clearly, a satisfies (42) and therefore, 

by Lemma 5, K n B(xo, r~ - rE) C Foo and by (35) 

(47) K n B(xo, r~ - r2) O ~.  

2. By (31), (45), Y0ESUpp u \ supp  P( - D)u. Since B(x0, r) O supp u -- O 

and yoEOB(xo, r), the Holmgren uniqueness theorem implies that the normal 

to OB(xo, r) at Y0 is characteristic, i.e., 

(48) Xo - Yo~P-~(O) .  

Therefore, by (5), XoEOK. Moreover, since xoEOB(Yo, r), x0--Yo is also the 
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exterior normal to OB(Yo, r) at Xo. By Lemma 2, the face of Kwith the common 

exterior normal Xo - Yo is an interval on t ~ X o  + tp'(xo - Yo). 

3. Note that since xo - Yo is an exterior normal to OB(yo, r) at Xo, 

(49) B(yo + (1 - ro/r)(xo - Yo), ro) C B(yo, r) for 0 < ro < r 

and the only common point of  the boundaries of these two sets is Xo where the 

common exterior normal is Xo - Yo. 
Therefore, by (5), 

(50) Be(yo + (1 - ro/r)(Xo - Yo), ro) C Be(yo, r), 

and, due to Lemma 2, 

(51) XoEOBe(yo + (1 - ro/r)(Xo - Yo), ro) 
n OBe(yo, r) C {Xo+ tp ' (xo-Yo) ,  tER}.  

4. Consider the set 

(52) F -- Be(yo + (1 - ro/r)(Xo - Yo), ro) n B(xo, r~ - r2). 

By (50), (46) 

(53) F c K 

and by (47), (53), F satisfies (2)(a). By Lemma 2 and (52) there is an open 

convex set WoBxo, Wo c B(xo, r t -  r2), such that OF n Wo is an analytic 
hypersurface with normals in p-1(0). Thus, F satisfies (2)(b) for any convex 

WC Wo. 
By (50), (51) 

XoEaF n aK c {Xo + tp'(xo -Yo) ,  tER}.  

Therefore by (47) 

(54) Xo~OF n Of~ c {Xo + tp'(xo - Yo), t~R} .  

Then by (1) there is an open convex set W c W0 such that 

(55) OF n Ofl is compact in W. 

By (54), 

(56) OF n Of~ = j~ 

and by (55), (56), F satisfies (2)(c). 
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Theorem 1 is proved. 

4. P-convexity and uniqueness theorems. Example of a P-convex set 

1. Assume for the sake of simplicity that f~ is bounded and 0f2 is analytic 

and satisfies a certain geometric condition (A). We will say that (A) is a local 

uniqueness condition at x0 E 0f~ for the operator P if from (A) it follows that for 

every neighbourhood V of x0 there exists a neighbourhood W of Xo such that 

u E ~'(R"), Pu = 0 in V and u = 0 in V/f~ imply u = 0 in W. For example, if 

~(Xo) is the normal to 0f~ at x0, then 

(57) = o 

is a local uniqueness condition at x0 (by the Holmgren uniqueness theorem). 

Other uniqueness conditions are also known: 

(58) there exists a sequence tj --- 0 such that x0 + tj p ' (~(x) )~  f l  

and 

(59) the twisted surface condition; see Definition 3.1, [5]. 

For more details see Sections 1-3 in [5] and references cited therein. 

If at every point of  0~ either (57), or (58) or (59) holds, then by local 

uniqueness and since 0~ is compact, dist(supp Pu, R" \ ~)  >_- e > 0 and 
supp u E f t  imply that dist(supp u, R" \ f l )  has a uniform positive lower 

bound, and therefore ~1 is P ( -  D) convex. In the paper [3] a uniqueness 
condition, similar to (59), was established to study P-convexity and it is the 

weakest uniqueness condition in R 3 found in the literature. 

2. We wish to present an example of a P-convex set in R 4 when 

(60) p(~) =- ~, ~3 + ~2 _ ~ .  

Let 

(61) f (x)  = x3 + Xl Ix21 - x~ + x3x4 

and 

(62) ~ = { x ~ R  4 : lxl  < e , f ( x ) < O ) ,  0 < e  < 1. 

We wish to show that ~ is P-convex when e is small. Although ~ does not 

satisfy the condition (1) of  Theorem 1, Theorem 1 is still applicable for the 

following reason: The actual condition used in our proof is weaker than (1): 
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(l ') I f F  is a closed convex set and Wis an open convex set such that F C f~ 
and OF n w is an analytic hypersurface with normals ~(x)~ p-~(0), then for 
every x EcgF n Oil n w ,  the set {x + tp'(~(x))}t~R n 0f~ does not contain any 
interval of {x + tp'(~(x))}t~R. 

Clearly, if (1) holds, then 0f~ does not contain intervals of straight lines, in 
particular of those specified in (l'). 

We will therefore apply Theorem 1 with (l ') replacing (1) to show that f~, is 
P- convex when e is small. Some details of the proof will be left to the reader. 

3. Assume that It,  is not P-convex. Then there exist sets F, W satisfying (2). 
Let x ~cgF n cgf~, N W. Then by (2a), (2b), tgfl, has a characteristic interior 
normal ~Ep- t (0) .  Moreover, since ~ + tp'(~)EcgF when t is small, (2a) 
implies 2 + tp'(~)~ f~, for t small. Therefore X cannot lie on the spherical 
portion tgB~ N Of 1, of 0it,: either such an ~ would not be characteristic or the 
line t ~ 2  + tp'(~) would be tangent to cgB, and lie in the exterior. The 
remaining part of 0fl, is smooth when x2 ~ 0 and it is easy to compute the 
value o f p  on the normal vector: 

(63) + x4)(Ix21- 4x~) + x 2 - (  xllx2[ -- x!] 2 . 
\ l + x 4  / 

One can observe that if e is small, none of x ~ { x E R 4 " ( x ) = O ,  x2 :/:0, 
I x I < e } is characteristic and, necessarily, 22 = 0. Consider the case 22 = 0, 
21 < 0. At such points, 0it,  n B, has a cone of interior normals 

(64) ~(a) = ( - 4X 3, a21, 1 + X4, 23), I~1 ~ 1. 

Computing p (~(a)) one can see that it is positive when e is small. Consider the 
case 22 = 0, 21 > 0. At these points 0f~, n/~,  has a cone of exterior normals and 
therefore 2 $ Of~, n F since OF c f~, is a smooth surface. 

Thus, necessarily, 21 =22 = 0. Since 2 E  f-I(0),  by (61), 23 = 0 and 2 = 
(0, 0, 0, 24). This is a characteristic point with ~ = (0, 0, 1 + Xa, 0) and p '(~) = 
(1 + x4, 0, 0, 0). Note that ~ :~ 0 since I x I < e < 1. Remarkably, this is not a 
uniqueness point by condition (58), and condition (59) is formulated only for 
smooth surfaces (although it is perhaps possible to apply here the technique of 
[5], [6], too). 

Now, since OF is a smooth characteristic surface, it contains a biocharacter- 
istic line t --,~ + tp'(~) and at every point of this line the normal to OF is 
parallel to ~, and, consequently, the surface 
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S s  = { x 3  = - N ( x  2 + (x4 - ~4)2)} with N > 0 sufficiently large 

lies in F.  Let us compute  the value o f  f a t  x ~ S s :  

(65) f ( x )  = x~ Ix~l - x~ - N(1 + x4)(x~ + (x4 - .~4)2). 

Set x4 = :¢4, M = (1 + -~4)N, x2 = ~, x~ = (M + 1)s. Then 

(66) f ( x )  = s 2 - -  (M + 1)4S 4. 

Since e < 1 and 1~41 < I~ I < e, the number M is positive, and for every M 

(resp. N)  there is a neighbourhood o f s  = 0 w h e r e f ( x )  > 0. Thus S~ \ f l ,  ~ 
and, since SN c F,  the set F d o e s  not satisfy (2). We concludo therefore that for 

sufficiently small, l)~ is Poconvex.  
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